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ABSTRACT----Zadeh [Zadeh , 1965] introduced the concepts of fuzzy sets in1965 , and in the next
decade Kramosil and Michalek [Kramosil & Michalek ,1975] introduced the concept of fuzzy metric
space with the help of continuous t —norms in1975 which opened an avenue for further development of
analysis in such spaces which have very important applications in quantumphysics particularly in
connections with both string and & theory which were given and studied by EI Naschie [El Naschie
,1998] . George and Veeramani [George &Veeramani ,1994,1997] modified the concept of fuzzyPmetric
space introduced by Kramosil and Michalek also with the help of continuous t — norms.

In this search we will define in different way the fuzzy metric space by given definitions about the fuzzy
families, the fuzzy field, the fuzzy space, and other concepts based on that every real

number r is replaced by fuzzy number r (either triangular fuzzy number or singleton fuzzy set). For more
details see [Kramosil &Michalek, 1975] [Erceg, 1979], [Grabiec, 1988], [Kaleva & Seikkala, 1984].

KeyWord: Fuzzy Metric Space, Triangular Fuzzy number, Operations of Fuzzy numbers, Fuzzy
Pseudo-Metric, Fuzzy mapping.

1. Some Definitions and Concepts about The Fuzzy Set

Definition 1.1. [Zadeh, 1965]
If Xis a collection of objects denoted generically by x , then a fuzzy set A in
X is a set of order pairs:-

y :{/

A(x) is called the membership function or grade of membership of x in A that maps X to the
unite interval [0, 1].

Definition 1.2. [Zadeh, 1965]
The standard intersection of fuzzy sets A and B is defined as

(N3 X :min[_' x).B \'1
‘\Aﬂ B](, ) 13(. ).B(x) -

x.;‘l(x)J:x € X}

= Alx)~ B(x)
xeX.

Defiﬂition 1.3. [Zadeh, 1965]
The standard union of fuzzy sets A and B is defined as
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[AU B ‘(ﬁ.) = max {4[1)3(\)}
' / - For
= A(x)v B(x)
allx e X .
Definition 1.4. [Zadeh, 1965]
The standard complement of a fuzzy set A is defined

o ) =1- ).

Definition 1.5. [Zadeh, 1965]
Let A be a fuzzy set of X , the support of A , denoted S [1A[Jis the crisp set of X
whose elements all have non  zero membership grades in A, that is

.S’[AJ = {\ eX:A(x)> 0}- :

Definition 1.6. [Zadeh, 1965]

(a-cut) An « - level set of a fuzzy set A of X is a non fuzzy (crisp) set denoted by A [a ] such
that

_ . {xeX:g(,\‘)za},ifa>0
d(s(zD ifa=0

Where cl(S(A)) denotes closure of the support of A .

Theorem 1.7. [Chandra & Bector, 2005]

Let A be a fuzzy set in X with the membership function A(x). Let [o | A be thea. -cuts of A and
[1(X) A« _be the characteristic function of the crisp set [a. ] A for alla [0,1] .

(x)J,xeX_

Then Z(l) = sup [a ANY

as[(l,l] I[d]
Given a fuzzy set A in X , one consider a special fuzzy set denoted aA[a] for a. [0,1]whose
membership function is defined as

Em[a](x):(a A ;{_[ ](x)J ,xeX
Ala
is called the level set of A. Then the above theorem states that the fuzzy set A can be

expressed in the form o
A= U (a A[cz]]

A aosM

Where denotes the stamdard fuzzy union. This result is called the resolution principle of fuzzy
sets. The essence of resolution principle is that a fuzzy set A can be decomposed in to fuzzy
sets a A[a],a €[0, 1]. Looking from a different angle, it tells that a fuzzy set A in X can be
retrieved as a union of its a A[«] setsa €[0, 1]. This is called the representation theorem of
fuzzy sets. Thus the resolution principle and the representation theorem are the two sides of the
same coin as both of them essentially tell a fuzzy set A in X can always be expressed in terms of
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Definition 1.8. [Chandra & Bector, 2005]
A fuzzy set Aof a classical set X is called normal, if there exists an x € X , such that A(x)= 1.
Otherwise A is subnormal.

Definition 1.9.[Zadeh , 1965]

A fuzzy set A of X is called conve, if A[a]is a convex subset of X , forall « € [0,1]. That is, for
any x,y € A[a ], and for anyx €[0,1] thenk (1) [ao ] x +1-ye A.
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Definition 1.10. [Bushera, 2006]
A fuzzy set A whose S(A)contains a single point xeX , with ()1 A x =, is referred to as a
singleton fuzzy set.

Definition 1.11. [Bushera, 2006]
The empty fuzzy set of X is defined as @ = { (x,0): ¥x € X }

Definition 1.12. [Bushera, 2006]
The largest fuzzy set in X is defined as | x = {(x,1) : ¥ x e X }

Definition 1.13. [Bushera, 2006]

The concept of continuity is same as in other functions, that say, a function f is continuous at
some number c if

f(x) f(c) xe= - lim For all X in range of f , that require existing f (¢) and f (x) xclim . In
fuzzy set theory the condition will be A(x) A(c) xc__lim=withx and _ce A .

Definition 1.14. [Zadeh, 1965]

A fuzzy set A is said to be a bounded fuzzy set , if ite.-cuts A[ ] are (crisp) bounded sets , for alla

e [01].

Definition 1.15. [Zadeh, 1965]

A fuzzy number A is a fuzzy set of the real line with a normal, (fuzzy) convex, and
continuous membership function of bounded support.

Example 1.16. [Zadeh, 1965]
The following fuzzy set is fuzzy number approximately

"5"={(3,0.2), (4,0.6),(5,1.0),(6,0.7),(7,0.1)}.
Proposition 1.17. [Abdull Hameed, 2008]

Let A be a fuzzy number, then A «] is a closed, convex, and compact subset of R , for all « [0, 1].
right hand side function which monotone decreasing and continuous.

Remark 1.18.
We shall use the notation [oc ] [ (oc ) (oc )] 12A=a,a,where [a ] Aisan o -cut of the

fuzzy number A, and a :[0,1] >R 1, () [ ] 1ta=min A, is left hand side function which

monotone, increasing and continuous a :[O,l]—)R 2, (o) [ ]2 =max A is right hand side
function which monotone decreasing and continuous.

Proposition 1.19. [Abdull Hameed, 2008]
If a< B, then Ala]> A[A].

Proposition 1.20. [Abdull Hameed, 2008]

The support of a fuzzy number is an open interval (a1 (0), a2 (0)) .
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Definition 1.21. [Zimmerman, 1995]

Let A be a fuzzy number. If { } xAS=|A)then Ais called a fuzzy point and we use the notion

A=X. Let

A = x be a fuzzy point, itiseasy toseethat [ ] [ ,] { },[0,1]

Aa=xX=xVa €.
Here it may be remarked that the reason for

Ax B to be a fuzzy number , and not just a general

fuzzy set , is that A and B being fuzzy numbers ,

Ala]=[(a2

all a €[0,1].

- a1)a+ al,(aZ - a3 )a+ as] for

Example 1.23.[Zadeh , 1965]

A= (1, 4,8)is triangular fuzzy number
where

Y

0 12 3 4 5 6 7 8
triangular fuzzy number.

2. Arithmetic Operations on Fuzzy Numbers

_ _ )
the  setsAfa],Ble b A Blel | are all closed
)

(
|
\
intervals for all & € [0,1] .
In particular

Ala  1(#B[al-[a(a)+bi(a) 2 (a)s b (o))

1)l ]= [a1 (@ )-b2 () , a2 (@)1 ()]
Further, for fuzzy numbers AandBin R

— Imin(as (2)b1 (2)a ()2 (), ao(a) b (a), 22 (2)b2 (a)ﬂl
leax(?l (a)h1 (), a1 (a) 2 (a),azga)-m (a),22(2)b2 a(a)) J |
‘min;ﬂﬁl)‘@l—@uﬂ)@iﬂ)\u% iﬂ)ﬂi‘l) )il@‘l‘
L (@)bi(d)ha(a) (@A (a)bi(a) ba(a)br(a) )]
0 &[b1 ()b (a)]

Al

Ala]()B[al=|

NdO8ld-

Example 2.2. [George, 1995]

We will define the arithmetic operations on fuzzy numbers based on resolution principle ( « -

cuts).

Definition 2.1. [George, 1995]
Consider two triangular fuzzy numbers A and

B defined as
LetAandBbe
and Ala]=[a1(a), a2 ()], B[a]=[b1 (@), b2 ()]

be a-cuts ,a €[0,1]of  Aand B respectively . Then
the operation ( denoted anyof the  arithmetic

two fuzzy numbers
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0 forx<-1,x>3
|
A(x) = | (1) for-1 <x<1,
| 2
| BG=Xfor1<x <3 (idempotence) ( |
[ 2 iV)MIN| A, MAXI A, B || - I _
( L \ JI (absorptio
|0 forx<1,x>5 | — [ — [
| MAX | A, MIN| A, B | | =A
B(x):%(% forl<x<3 0 L ' H
|(5 B X) for 3 <X< 5 V) MIN | :MAX\ BCI ( - _\ |= MAX |‘ ?\(MN\ A B LMIN;C_ \ ( T
L2 L i AN )\
Their « -cuts are | _ ([ _ I | ( _ [ __
|_ MAX A, MIN| B,C || =MIN MAX| A B |, MAX| AC ||
Now
[~ )

~4al, a [0,1]

| A+Bl[a]=[4a,8
v )

The resulting fuzzy number is then
(distributivity).

The triple (%, MIN , MAX ) is called lattice of fuzzy numbers. The triple (%, MIN , MAX ) can be

forx<0,x>8for0O<x<4ford<x<8

expressed as the pair (R, <), where < is a partial ordering defined as:

A<B i MINIA,B)|=A

or, alternatively

)
3. Lattice of Fuzzy Numbers [George, 1995]
Let R denote  the set of all fuzzy
numbers. Then the operations MIN and miIAx
arefunctions of the form
RxR —NR such that:-
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(—— ) [
i)MIN| A B [=MIN B, Al
L ) (commutat

_ ([ —— )
MAX| A, B = MAX| B, Al
) \ )
ivity)
ii) MIN [MIN| A,B\,(C\:MII\I\ _} [ B (A,I\ZNEC\}
[ — ) - [ _
MAX| MAX| A B |, C =MAX| A, MAX| B, C
L N ) ] L \
(associativity).
A<B iff MAX| A,B |=B for any

K , B EST% .
Now, this partial ordering can be defined in terms of the relevant « -cuts:-

[ \ ()

n <B iff N A[],B[a]=AT] \A<B iff MAX]| A[a],B[a) B[]
. ) A
for any

ABeR anda e[0,1] ,where A[a] and B_[a] are
closed intervals, then

( ( \
MIN| A[a]  BTa]l=[MIN (a2 b1 ), MIN (azb2 )], MAX| AT] ,BTa]| =[MAX (ay by), MAX (a2 bz )]
)

\ ) {
W If we define the partial ordering of closed

intervals, that is
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Then forany A, B e®R ,we have A < B iff y irrational numbers which denoted by Q andQ
for alle €[0,1]. For example, we have in example respectively.
2.2that A<B since A[«] <B[a ]forall @ €[0,1]. ThesetR=Q Q Z will be called the family

of fuzzy real numbers.
4. Fuzzy Families

Definition 4.1.
Theset of  natural numbers is
N={123,..}.

Theset ~ of  integer numbers is
z={.,-3-2-10123,.}.
Theset  of rational numbers is

Q= bla,bez,b;tO}.
In other words, every terminating or recurring decimal is a rational number.
That is, every non terminating and non recurring decimal is an irrational number. The set of all
irrational numbers is denoted by Q".The

set R = Q Q' is called the set of real numbers. NOteii)z that:- If we substitute every real
number -

r € R by a fuzzy number r , such that:-

If r eZ, we replace r by a singleton fuzzy set r . The set of all fuzzy numbersr,r eZ,
will be iii) Qo

called the family of fuzzy integer numbers , and

denoted by Z, where Z={---,— 2,-1,0.1, 2} The
family of all fuzzy natural numbers will

= (== i) Q+
beN=1{1 23..}. )
Because dense of rational and irrational numbers, we replace every rational r and irrational
numbers
r ' by atriangular fuzzy number r=(r1, r2, r3), it -

cut's r [a=[r(a) r(a)]acf01] ,

! !
- ror ! - ! !

andr =(ri,r2 1), It Q  cts rla=[r(a) (d’)] '
a € [0,1] respectively.

The set of all fuzzy numbers r, r €Q and the set

of all fuzzy numbersr , r' €Q’, will be called the
family of fuzzy rational numbers and the family of

ISR Journals and Publications
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Remark 4.2.

The fuzzy numbers mean here either triangular fuzzy number or singleton fuzzy set.
Definition 4.3.

From definition 1, we can define the following: i) Z ¢ the family of all non- fuzzy zero fuzzy
integer numbers .That is, for all ,

thenr=0.

theTamin of all negattve fuzzy integer

numbers .That is, forallr € Z_,thenr<0.

the family of all non- fuzzy zero fuzzy

rational numbers .That ig, forallr e Qo,thenr=0.

the ?mily of all positive fuzzy rational

numﬂars_.That is, forall , thenr>0.

iv) Q- the family of all n_egame fuzzy rational numbers .That is, for all r € Q- , then
r <0.

v) Izthe family of all non-fuzzy zero fuzzy real
numbers.That is , for all ;eﬁo ,thenr=0.

vi) I? the family of all positive fuzzy real numbers
.That is, for all re I: thenr>0.

vii) R=_the family of all negative fuzzy real numbers

.That is, for allr e R , thenr<0.
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vii) Nt the family of all fuzzy natural numbers
which are less or equal to k_, where
k s a positive  fuzzy integer

.Thus N k:: {1 2_k¥

Definition 4.4. [Sharma, 1977]
The sets of the forms

{xeR:a<x<b} {xeR:a<x<b}{xeR:a<x<b}{xeR:a<x<b} are

called open interval, closed interval, right half open interval and left half open interval, and
denoted by respectively. The sets of

the forms

{xeR:x>a}, {xeR:x<a},{xeR:x>a}, {xeR:x<a}
are called rays and denoted by (a, oo), (— 0, a),
[a, ), (- oo, a] respectively. The first two rays are
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respe ctively. The Tast two families are called closed

fuzzy rays and will be denoted by [a, oo), (— o0, a] respectively.

Definition 4.5. [Bhattacharya et al.,1989]

A set S is a collection of objects (or elements).
If Sisaset,and x is an element of the set S , we
say that x belongs toS, and we writex e S.
If x doesn't belong to S ,we write X ¢ S .

Note:- Since the real numbers is essential to every set S, and the elements x of S is one forms of
real numbers. Hence, if we have the family of fuzzy real

numbers R, the fuzzy number x will become one

forms of fuzzy real numbers, and Swill be a family of fuzzy numbers x .
called open rays, and the last two rays are called closed rays.

Note:- Suppose we have  the family of fuzzy real

numbers .The families  of the
forms

{XER ‘a< x<b}, {XER rasx< b},{XER: a§x<b},{XER: a<x§b}
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Definition 4.6. [Bhattacharya et al., 1989]

Let x, y be elements of aset S . The set {{x}, {x, y}} is called an order pair and is denoted by (x, y

). x is called the first component (or coordinate) , and y is the second component (or coordinate).

will be called open fuzzy interval , closed fuzzy interval , right half open fuzzy interval and left
half open fuzzy interval , and will be denoted

by (a,_b),Ie;,_bI (a, tT_l ,_[a, b)respectively, if the sets at

degreea,
{XER a<x<b} {XER a<X<b}{X€R a<x<b
{x eR: a <x “<b }are open “interval .closed interval

a

, rlght half open interval and left half open interval

respectively , for all & [0 ,1].
The families of the

forms {? eR¥> 17 ),
FeR:X <alicR:x23}{eR: x<a | villbe
called the fuzzy rays, if the sets at
degreea, {x eR:x >a },{x eR:x <a }.

are rays , for all
a €[0,1].The first two families will be called open

fuzzy rays, and denoted by (;,;),(_;,5)
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Noter-Let x, y be fuzzy efements of the famity of

fuzzy numbers S ._The family of the families of fuzzy numbers { {x} {x , y} }will be called an
order

fuzzy pair, and  will  bedenoted by( X y),
where (T ,7)consists of allorder pairs at

degreea, (xa, yo )e x[a]x y[a]= (x x y)[a]a -cut of
will be called the first fuzzy component (or
fuzzy coordinate), and y will be called the second fuzzy component (or fuzzy coordinate).

Definition 4.7. [Bhattacharya et al., 1989]

Let A, B be sets. The set of all order pairs (x,y ) ,x € A,y e B is called the Cartesian product of
AandB, and is denoted DbyA xB ,where
AxB={(x,y):xeA,yeB}.

ISR Journals and Publications Page 7
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Note:- If we have families of fuzzy numbers.
The  family of all order fuzzy pairs
XYK€

A, yeB will be called the  fuzzy

Cartesian product of A and B, and will be denoted by A x B such that A x B = { (x, y): xeAye

I .

Definition 4.8. [Bhattacharya et al., 1989]
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the fuzzy codomain respectively .The fuzzy

all fuzzy images under f [A].

Thus fz[j]: {y e=B :_y =
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and of the fuzzy mapping f range of f is the family of f, and will be denoted by

£(x).x e Aﬁ}= {?@Qeﬁj

Let A, Bbe sets, and let Ebe a subsets
of .Then Eis called a relation from Ato B . If
(x,y)e E, thenxis said to be in relationEtoy,
written xEy .

Note that:-Let Z, B be families of fuzzy numbers,
and let E be a subset of . Then E will be

called a fuzzy relation from  &to 8. If (% j)eE,
then x will be said in fuzzy relation Etoy’, written

XEy.

Definition 4.9. [Bhattacharya, et al., 1989]
LetA,B besets .A relationffromAtoBis

called a mapping (or a map or a function)
from AtoB, if for each elementxinA, there is

exactly one elementy in B (called the image of  x
underf ), suchthat,xisinrelationftoy. If fisa

mapping from A to B , we write f : A — B .The sets A and B are called the domain and the
codomain of

the mapping f respectively. The range of f is the

set of all images under f, and is denoted by  f[A].
Thus

f[A]={yeB:y=f(x),xe A}={f(x):x € A}.

Note:-Let A, B be families of fuzzy numbers. A

fuzzy relation fzwill be called a fuzzy mapping (or a fuzzy map or a fuzzy function) from A to , if
for

each fuzzy elementxin A=, there is exactly one

fuzzyelement y in B.If f isafuzzy mapping

fromAtoB, we will write  f:A—>B.The

families Aand B will be called the fuzzy domain
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Definition 4.10. [Bhattacharya et al.,1989]
Letf:A—B and g:B—>C be mappings. Then

the mapping h:A->c given by h(x)=g(f(x)) for
allx e A, is called the  composite of f followed
by gand is denoted by g f. The mappings
fand g are called factors of the compositeh=g f.

Note:- Let  f:A—>Band g?B —>=C be fuzzy
mappings. Thenthefuzzy mapping

h AoCgiven by nx)= g x)for allx ¢ A will
be called the fuzzy composite of f followed by g , and will be denoted by g f . The fuzzy
mappings fand g will be called fuzzy factors of the fuzzy

compositeh=g f.

Definition 4.11. [Ruel, et al., 1974]
Complex numbers z can be defined as ordered pairs z = (x, y)of real numbers x and y .Complex
numbers of the form (O, y )are called pure imaginary numbers. x and y are called the real and

imaginary
parts ofz respectively , and we
writteRez=X,Imz=y. In

particular, (x,0)+ (0,y) = (x, y),

and (0,1)(y,0) = (0, y), hence
(x.y) = (x0)+ (0.1)(y.0).

Any  order pair (x,0)is to be identified as the
real number x , and so the set of complex numbers
includes the real numbers as a subset. Let | denote
the pure imaginary number (0,1) , we  can
write (x,y ) as(x,y)=x+iy We  note that

i =(0,1)(0,1) =(-1,0)=-1, so

ISR Journals and Publications Page 8
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Note:- If we have R the family of fuzzy real
numbers .The fuzzy complex numbers Zwill be
definedas ordered fuzzy pairs =(x y Jof fuzzy
numbers x andy . x andy will
be called the fuzzy real and fuzzy imaginary parts
of 2 respectively, we will write
fRez=x,flmz=y. The family of fuzzy
complex numbers will be denoted by C.

Fuzzy complex numbers of the form (0, y)v_viﬁ
be called pure fuzzy imaginary numbers . In

particular (; E)+ (5 ;)= (x, y) and
( 61)(_y 6): (6;) hence

o) (x.0)+02)(y,0). Because any order fuzzy
pair is identified as the fuzzy real number .

Hence the family of fuzzy complex numbers C

includes the family of fuzzy real numbers R as

subset .Let i denote the pure fuzzy imaginary
number , we can write the fuzzy complex

numbers X, y asx,y =X+iy .Sincei € i[a]a-cut of

C ) . _
i forall «e[0,1]isi?=-1, then i% €i? a] of i?,

Definition 4.12

From definition 8, we can define Co the family of all
non- fuzzy zero fuzzy complex numbers. That is,

forall « e[0,1]. Hence i =-1. Alsoi= —-1.
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Note:- If we have R the family of fuzzy real
numbers . The n-dimensional fuzzy Euclidean

space?% will be obtained, if we take the family of
all ordered n-tuples of fuzzy real numbers, and

=N =

written R ={x=(x1 X2 ,...,xn):xi eR,i=l,., n} ,

where X = (Xl X2 ey xn)consists of all
ordered n - tuples of real numbers at degree «,

a-cut of it.

Definition 4.14. [Royden, 1966]
A sequence /xn '\ in a set is a function from

the set N to X . The value of the function atn N, being denoted by x n .
Note:- If we have the family of the fuzzy numbers X , and the family of the fuzzy natural
numbers N . The fuzzy sequence /xn\ in x will be a

fuzzy function from N to X. A fuzzy
sequence(xn%tonsists of all ordered tuples
(sequence) at degree «

<Xin,a>:<x i1, a1 Xi2,00 Xi3,a i > e<x1[;],x2[a], Xa[@]ererenn :<x1>xz,><3 ........ [e] >
.- cut of it, where i is fixed belong to N . The fuzzy

value of the fuzzy function at neN , will be denoted by x n .
forallze Co ,thenz=0.

Definition 4.13. [Kreyszig, 1978]

The n - dimensional Euclidean  space R"is
obtained, if we take the set of all ordered n - tuples
of real numbers, written,

RM= {x:(xl, X2 X ) Xi€R L T=1,..., n}.

ISRJournals and Publications Page 19




International Journal of Advanced Research in

7
Mathematics and Applications

Sy
Uy, ot
Volume: 1 Issue: 1 08-Jan-2014,ISSN_NO: XXXX-XXX -

Examples 4.15
n n
1)<_1 >=< -1 >
B={33...)

(11 (11\(111\(111\(1 1 1\>
\ )

Fn'n_l kez)\432)\543)\n+1nn-1
1 1 ><(11V111V1 11\(1 1 1\>

—_—— B el el — -

\2»1 2 20) (2 e 2)U6s4) e 2 2)

Definition 4.16.[Sharma , 1977]
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Let x= xnand y= y»  be two sequences in a 6)Th
set X . Then is said to be a subsequence of x if ~ €reis le Fsatisfyl- x=x-1=x, for all x eF .1is said

there exists a mapping ¢ : N — N, such that :-
)y=x ¢

ii)For each n in N,thereexistsan m in N such
thate(i)> n for every i>minN.

Note that:-If we have x-= Xn ,and y_= ﬂ be two

fuzzy sequences in a family of fuzzy numbers X.
Then'y will be said a fuzzy subsequence of x |, if

there exists a fuzzy mapping ¢ : N — N, such that :-
i)y=x ¢

ii)For each n in

N, there exists an min N such

thatq;(i)z nforeveryi>minN.

Example 4.17
If x= |( il_l_? be fuzzy sequence inR ,
\n+ln n-1/
- (1 1 1 )
then y=| _— is fuzzy subsequence of
onon-1 n-2)

X .:I'_o show that , if we define ¢ : N — N such that
@=2n-1then

(x 2)()=x(o(n))-x(2n -1)-

Definltlon 4.18.[1986 , asg O]
The Field Axioms:-Let the triple (F,+,-)consists of
the non empty set F ,with two binary operations ,

1 \Will
l.

" 2n 201 2 2)

the addition (+)and the multiplication(-) .  The
triple (F.+,.)is said to bea field ifsatisfy the
following:-

Forallx,y,ze F,(x+y)+z=x+(y+2).
2)There is 0eFsatisfy x+0=0+x=x, for

all x eF . 0 is said to be the additive identity in F .

3)
saidto be

X+ (=x)=(=x)+x=0.(-x) s

additivite inverse for x .

ISRJournals and Publications

the  fieldk (R ,C), is a

to be the multiplicative identity in F .
7) For all xvyeF, thenx.-y=y-x, that is , the
multiplication operation is commutative .

, there is
x-xt=x1.x=1.x! is said to be the multiplicative
inverse for x .

9) Forall x,y,zeF,(x+y)z=x-z+y-z.
10 )1=0.

Note that:-If we have a family of the fuzzy

numbers .The triple (F_ + ) will be called the fuzzy
field , if satisfy the following:- o

For all .
l) xY.zeF, (x+y)rz=x+(y+2)

2) There isOeF satisfy x+0=0+x=x, for a”XEF 0

will be called the additive fuzzy identity in F .

3) For all EF, there iS—;eE, such tha

X X

X X -0 X
fuzzy inverse forx.

4) For allxyeF thenx+y=y+x ,'that is , the

additivite operation (+) is commutatlve onF.

For all

5) X, y,z.eF (x y)z=x-(y-2)

6)  Thereisle F satisfyl - x=x-1=x, forall x e F .1
be called themultiplicative fuzzy identity

inF.

7 )For all X,y eF, then x.y=y.x, that is , the

multiplication operation (-)is commutative on F .
- - — - -1
8) For all (X¢0)e F,thereis x in
-1 -1

-1

, such that

x will be called

9) For all
10)1+0.

Definition 4.19.[Balmohan , 2004]
A linear space (or a vector space) ovel
non empty set X along w
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mittipheation-kK= %= steh—that———for—all
additivite operation (+)is commutative . X.y.zeX,anda,b K , we have
5) Forall x,y,zeF,(x-y)z=x-(y-2). 1) X+y=y+x
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2x+(y+2)=(x+y)+z
3)There exists 0 X, such that, x+0=x. - —
a—cuton(xZ ,yz)atdegreeais
d Px Y Qx ,yz)) Ax +Ay X 4+ Ay ¢
4) There exists —x e X, suchthat, x+(-¥)=0. «(alra La o2 ¢
5)a-(x+y)=a-x+ay o 2 _
VI XZ, a Xl, a +y2 a yl,a
7)(a~®)x:a~(b~x)
8)1 - x=X -
6

Note that: If we have a fuzzy field K (R C) Then the linear fuzzy space will be a family of fuzzy
numbers X with addition operatlon XXX X,
and fuzzy scalar multiplication Kx XX, , such
thatforallx,y,z e X ,anda,b K , we have
Dx+y= y+ X

25+ (y+ - (5 y)rz

3)There exists 0 < X, such that ,

4) There exists — X e X , such that , x+ (- x) 0.

5)

6) (afb)} —a-x+b-x

7)(a b) x=a- (b x)

8)1-x=x

5. The Fuzzy Metric and The Fuzzy Pseudo-Metric
Definition 5.1.[Thomas , 2000]
The distance between two points

P(X1 y1 )and Q(Xz yz)iS
d(POx,y ) Qo Y))= () + (ay)? 5t =X+ (y —y)?

Note that:-If we have the fuzzy pIaneR=2

and P(xt y1 ), Q(x2, y2 )be two fuzzy ordered pairs in

E 2. Letxi e xi[aJof  xiandyi o€ yi [a]of

i,i=1,2. The distance between two points
Pa (Xl,a,yl,a)e P(Xl[a],y1 [0!])=P(X1 Y2 )[a]a'

cut of and
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and

o (Pa(Xt0, Y10 )Qu (0 Vo)) 0 POxL Y2 )l @, V2 )le)=d. e e )@yl

X X
a-cutof dP(: ,yl),Q( Z,yz ) . Hence, the fuzzy
distance between two fuzzy ordered

- _
pairsp( 1, ! )andQ X2 yz)'s

(Xz )+ (yz—yl)

Definition 5.2. [Thomas , 2000]
The absolute|value of a number x , denoted by x is defined by the formula

T(,|x20x:{—x,x<0

Note that:-If we have the family of fuzzy real numbers R, and x e R .Let X ex[ ] of

x , then the absolute value of x, at degree« will be defined by

[Xa , Xa 20
o =
‘a -Xx <0

l @ a

And IX

€ r( ua]a-cut of |><T| Hence,

the absolute fuzzy value of x is
— 17 x>0

Definition 5.3.[ Royden , 1966]

Let Xbe any set , a function
d: X x X = Ris said to be a metric on X if:-
1) d(x,y)=0,forall x,yeX.
2)d(x,y)=0iff x=y.

ISR Journals and Publications Page 11
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3) d(x,y)=d(y,x) ,forall x,yeX. 2)
4) d(x,y)<d(x,2)+d(z,y), forall x,y,zeX. d (x,y )= |x for all
A set X with a metric d is said be a metric < [a]of. -
space, and may be denoted (X, d ).
Note:- If we have a family of fuzzy numbers Thus 4 x y
x.. A fuzzy function will be 3) d (xy ):| -y |= t/—x l/zd (y.x ) ,
called a fuzzy metric on x if satisfy:- forall X exfaot X,y €Yyl
1) d(x,y)zo ,forall x,yeX.
2 dto iffxTy o A
all x,y eR.
. o Hdaliarya)= | ] |
9 (rp)=dy,) forallx yex. s be 2 dhtbamy w

4) 4 (xy)<dx :)rd(zy) foral x,y,zeX.
A family of fuzzy numbers X with a fuzzy
metric d will be called a fuzzy metric space , and

will be denoted d

Definition 5.4. [Sharma , 1977]

A functiond:Xx X —>Ris called a pseudo-
metric (semi-metric)for X iff it satisfies the axioms
(1),(3),(4) of the first part of definition 5.3 , and the
axiomd (x,x)=0 , forallx e X .

Note that:-A fuzzy mapping d: X x X - Ris said
be fuzzy pseudo-metric  (fuzzy semi-metric)

to
for X iff it satisfies the axioms (1),(3),(4)
second part of definition 5.3, and the
d_x,_x') =0,forallxeX .
[1
Remark 5.5
Fo a pseudo-
r fuzzy metric

d_( x_, y)f O_el/en if  x= y . Thus for a fuzzy pseudo-

metri0x=y:>dx,§ "7 _obut not conversely . It

(
follows that every fuzzy metric is a fuzzy pseudo-
metric but a fuzzy pseudo-metric is not necessarily

fuzzy metric .

ISRJournals and Publications

Zda(xa,za)+ da(Za,Ya)
e x [a]of; .y

a a

for all x

of z . Thus

€ )7[0!] Ofy—,z E;[a]

(x, ¥ ):x_ —§.g .;-;.+l:-—)7.:d x‘z)+ziz y

forall x,y z eR . Hence, (R, d ) is fuzzy metric
space .
Remark 5.7

Above fuzzy metric will be called the fuzzy
usual metric .

Example 5.8
Let the fuzzy mapping d: X x X - R
of the  gefined by
axiom
l - —
dlxy)- o ., x =y,
X#Y
L _ —
we may
, have
then
1)« (x,y )=0, for all x ex[a] of

x,Ya € y[a]ofy Thusd (x,y )= 0, for all X,yeX.
2) d (x ,y )=0 iff , for allx exe]o
T A (_\ 2
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yThts
- — _ XYa ey d xy 0 iffx=y.
Let the fuzzy mapping d:RxR—>R be 13 d (x ,y )=o0=d (y ,Xx ), asx =y ,
defined by o, ) ):|; ——|, for all _xye_R Toshow andda  (Xa,Va)=l=do(Ya, X)X a# Ya
for all X_e
nd (x .y )= k -y
y ey_[a] of y. Thus . - Iq(x.,y)f.lf.d v, ), L

d_(_x,y_)= |_x—y—|20_, for all _xTy;i.
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4) If Xe=Yoe ,  thenda(Xa,ya)=0 L L
Also de (xa , 2o )> 0 and de (z«, yo )> 0 . Thus d(f,g )= sup |f—(X )— g(X) =sup |;(x)— foxy=d g,f)
o (X, Yo )< da (X, 2o )+ Ao (2, Yo ) IF Xa#Va, == =
o forall f,geX.
then d,z a' y B a IS dlfferent from at 4) da(fa,ga)=sup I fa(Xa)—ga(Xa o =Sup fa(Xu )—ha(Xa)+ ha(Xar)—ga(le) a
least one of andys, so at least one of <UD fo(te)-halite) + i) guli) ) -
do (Xe, 2o )and de (za, yo )must be equal to 1. <sup foo )=h(x +suph () -g(x,
Thus d (X Y )Sd (x,z )+d @,y ), for=gd fa +dhg )
a||Xa€x_[a]of ; Yo € ;[a]of 37 Za e:[a]of _z for all f4 (xo ) e f_;
Teetore 30T )FEIHTI T T Wryece 77 0e(xa)e g x)lalofy =5, ha(xa)enx)la] of
Hence (x, E) is fuzzy metric space . (x) _
Remark 5.9 x ex[alof = . Thus
discrete metric . a(t.g)=sp [F(x)-0(x) <sup ft(x
Example 5.10 Za(rn)a
Let X be the family of all fuzzy functions
I forall 7,9 7 eX.Hencel,,, ~ ‘is fuz
into itself . Let the fuzzy mappingd: X x X > R be N J
defined by space.
. Example 5.11
=sup
d (f g ,|f X g -x ( T
L __fuzzy sequence x = X, . Defin
To show that d is fuzzy metric for X ,then — —
y -z w I Xn —=Yn |
1)d u(fa,ga)=sup |fa(x)u—gu(xu)l' >0, for d(x,y):z | | '
_ C o — l‘_ —r
2 + n —Yn
allfa (o )e f ()adof  1(x),ga(xa)eg(x)[a] ' ' il
of g(x) , X a€ X [a]ofX, ye$S o
Toe 2G-SR ) e forall 1.9 x. -
2) da(fa, 9.« )=sup 'fa(Xa)‘ga(Xa)_fﬂ =0 iff Xia %ina exlal=xn  [a]of

fo (Xa )= ga (Xa ), for all fo (xa ) #00)[a]of Tix ), - _

_X=X_n ,yi,a=yin,aey[a]=yn [_a]Of

9o (Xa )eg(x)[ a]of g(x) X qex| a]of
- =3 =a == - == oy
x.Thusd(f,g)—SUp |f—(x)—g(x) =, ifff=g. y= Yn ,Zi,a="ina ezlal= n [a]
3) ofz= zn ,then
O B

a
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,forafl — 1)
fa(Xa)G f(x [a]Of
5.0 & e g x[alofg@)xe X o X Ths S
Since T X — €
n-1 2 [1+| ina yin,a J
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-X_— ] H—3
n_m .Then, forall X,yeS

n:lz_n\_]+F _ |\
| n yn J|

L _
wehaved (xy)=2 |;—Yn | 0
i
\ n n |

L ]
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for allx,yeS.
- |
d = r na Iﬂ a I
B9
2 14| ine ma

in,a

o

-y LZO@Xin,aZYin,af
ina ina ]

Since d"“(x"“ y' “)e E(X_ :) “]Of _(X_ V_)
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Since of
H(X_v y_)v di o (Xi o, Zi 0 )E H(X_,Z)Ta] of a(:' ZS‘

and di o (Zi ayYia )E d_(; )7)[0‘] of E(Z_ 37)

Then

* _ F(in‘a_yin,ald z Plin‘a_xin,ald

310 =X .Y \= _
IR o S A I P A o

=005
Since di o (Xi .« i, e d C(,:JLalof d Cx,zyj, and

di o (Yia, Xia)ed (y, x)[a]of d (y, x). Then

Xn=Yn - n —Xn
d(xy)=X 2
(X y) n=1 Q_nl_l+Ix__y_\ n=1 -2_n_\]+ r_x_l
\L n J | n n ||
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for all x,y,zeS. Hencedis a fuzzy metric
onS ,thatis, 5, d"is a fuzzy metric space .
(
Example 5.12
Let { (X i, di ) ti=1,..,0 } be a finite class of fuzzy metric spaces .To show that each of the fuzzy
ISR Journals and Publications Page 14
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functions d and; defined as follows are fuzzy
metrics on the fuzzy product X1x.xXn
i)
d((X1,..., Xn ) (yl,...,yn )): max di (xi Vi ) ,i=1..,n

Then
i) Let

(i =G o) 2= (3 2 )eXaxx Xn
, then

For eachdi i=1,...n .we have di(Xi i )26,
then max IZ y_u)ZO_ Thus

d(.y)> 70, forall
2) For each dT,i =1,...,n, we have E(Z,E)=6iff
Xi =yi Ji=l,..n. It follows

that
maxdxx:yi7=0<:_>xi _=)T,i:1,...,n
& Gz ) (y2,90 )
oS X=y -

Thus d (x,_y_);0 iff x =§/ -
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forallx, z, yeXlx ><X . Hence , dlsafuzzy

metric for

i) Let
X=C1 ..... Xn)y C ..... yn)z—Cl ..... )exlx x)ﬁ
, then

Do §)= X ok 1)z 0, since. pa(x i )2 O

eachi=1,...,n ., forall

XyeX1>< ><Xn

& Xi =Vi ,i=1,..,n
= C(l ,:,Xn 72 (ﬁ ..... Yn )
= X=y

2 X; f)= 2 (Z I): E”E Gi X )=7o(y,_x)
forallx,y e )a-x..iXT

4) For each ;I =1,..n, we have

P (Xi i Spi(Xi,Zi)+E<Z,y_i
Thus

Pk y)- 2 )< Sonla o )e Soria |

3 Sy b My i B = pie)esiey)
yforall X,y € X1 x..x Xn .

4) For eachcf,i =1,...,n, we have
di X|4y|_)< di (X LdLZL;Yi ).Thgn__

maxdi (Xi i )S_ma;(d_i (Xi ) Zi )+ maxdi (Zi ,Yi ).Th us d (x, y)s d (x, z )+ d (z, y),
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forall x,y € X1 x...x Xn . Hence, pis fuzzy
metric for Xi x..x Xn .
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